
Advanced Topics in Stochastic Analysis

- Introduction to Schramm-Loewner evolution

Mondays 12–14 and Thursdays 8–10 in Endenicher Allee 60 - SemR 1.008

Exercises – Set 7

Let B be a standard 1D Brownian motion. Let � 2 R and x > 0. A Bessel process of dimension � started

from x is the solution X to the SDE
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1. Let 0 < x < y and let (Z
x

t
)t2[0,Tx) and (Z

y

t
)t2[0,Ty) be Bessel processes of dimension � 2 R started from

x = Z
x

0 and y = Z
y

0 , respectively.

(a) Let � > 0. Show that t 7! �Z
x

��2t
is a Bessel process of dimension � started from �x.

(b) Show that Tx  Ty almost surely, and Z
x

t
< Z
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t
almost surely for all t 2 [0, Tx).

(c) Show that, almost surely for all t 2 [0, Tx), we have
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2. Let 0 < x < y and let (Z
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t
)t2[0,Tx) and (Z
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)t2[0,Ty) be Bessel processes of dimension
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4
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2 (1,1), with  > 0,

started from x = Z
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0 , respectively. Define
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, Nt := F (Ut),

where

F (u) :=
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u
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, u 2 [0, 1].

Calculate the Itô di↵erentials of these processes. In particular, show that N is a local martingale. You

may use the fact that
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3. Let  2 (4, 8) and let (Kt)t�0 be the SLE() hulls. Prove that almost surely,

[

t>0

Kt = H.

4. Let U be a simply connected domain conformally equivalent to D. Fix z0 2 U . Let cradU (z0) := |f 0
(0)|

be the conformal radius of U seen from z0, where f : D ! U is a conformal bijection such that f(0) = z0.

(a) Prove that cradU (z0) is well-defined.

(b) Prove that cradU (z0) is comparable to dist(z0, @U), that is,

1

4
cradU (z0)  dist(z0, @U)  cradU (z0).

[Hint: Koebe]

(c) Let (gt)t�0 be a Loewner chain and (Kt)t�0 the corresponding hulls. Show that

cradHt(z0) =
2 Im(gt(z0))

|g0
t
(z0)|

, for z0 2 Ht := H \Kt and t 2 [0, ⌧z0).

5. Let (gt)t�0 be a Loewner chain, (Kt)t�0 the corresponding hulls, and (Wt)t�0 the driving function.

(a) Prove that

@t log |g0t(z)| = 2
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�2⌘2 , z 2 Ht := H \Kt and t 2 [0, ⌧z).

(b) Let z 2 H. Prove that

t 7! log
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Im(gt(z))
:= dt(z)

is increasing for t 2 [0, ⌧z). Conclude using Problem 4 that

1

2
inf

0t<⌧z

dist(z, @Ht)  lim
t%⌧z

e
�dt(z)  2 inf

0t<⌧z

dist(z, @Ht).


